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Abstract. We present a systematic method to calculate the universal scaling
functions for the critical Casimir force and the according potential of the two-
dimensional Ising model with various boundary conditions. Therefore we start with
the dimer representation of the corresponding partition function Z on an L × M
square lattice, wrapped around a torus with aspect ratio ρ = L/M . By assuming
periodic boundary conditions and translational invariance in at least one direction, we
systematically reduce the problem to a 2 × 2 transfer matrix representation. For the
torus we first reproduce the results by Kaufman and then give a detailed calculation
of the scaling functions. Afterwards we present the calculation for the cylinder with
open boundary conditions. All scaling functions are given in form of combinations of
infinite products and integrals. Our results reproduce the known scaling functions in
the limit of thin films ρ → 0. Additionally, for the cylinder at criticality our results
confirm the predictions from conformal field theory.
Keywords: Ising model, finite-size scaling functions, thermodynamic Casimir effect
1. Introduction
The two-dimensional Ising model is one of the most popular and best understood systems
in statistical physics. Since Lars Onsager gave an exact solution for the bulk behavior of
the infinite system [1], many more fascinating properties were found and calculated. Its
critical behavior has some remarkable features like scaling and universality [2, 3], and
conformal invariance [4, 5, 6]. There are as many ways to calculate these properties as
there were people working on this topic, nevertheless, in the following we want to focus
on the dimer ansatz, which uses the tight relation between the generating function of
closest-packings of dimers on a lattice and the partition function of the Ising model,
found by Kasteleyn [7] and exhaustively examined by McCoy & Wu [8]. Their work
gives an elegant and easy way to handle not only the thermodynamic limit but also finite
systems and various boundary conditions, using the connection between the Pfaffian and
the determinant of a sparse matrix.
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In finite systems, the divergence of the bulk correlation length ξ∞ at criticality
gives rise to the thermodynamic analogue of the quantum-electrodynamic Casimir effect,
proposed by its eponym Hendrik B. G. Casimir in 1948 [9]. The thermodynamic Casimir
effect was first introduced by Fisher & de Gennes [10]; they investigated the universal
finite-size effects caused by critical fluctuations in a system which is confined in slab
geometry. Experimentally this effect was first proven to exist due to the measurement
of the thickness of superfluid 4He films, which changes depending on the temperature
close to the λ transition and reveals a critical thinning of the film [11]. Ever since there
were several other experimental realizations of systems showing thermodynamic Casimir
forces, like tricritical 3He-4He [12] and binary liquids [13]. As a promising alternative
to the film geometry, spherical objects in front of a surface [14, 15] or many spherical
objects in form of colloidal suspensions [16, 17, 18] were studied experimentally; those
systems allow the direct measurement of the finite-size contribution to the free energy
via the position distribution of the particles.
For a theoretical understanding, several Monte Carlo studies were made, using some
kind of thermodynamic integration to investigate the finite-size scaling behavior [19, 20].
Later on, those Monte Carlo methods were generalized to spherical objects [21, 22],
several using the same direct observation of the scaling behavior as the experiments
[23, 24].
Additionally, at criticality itself, i.e., exactly at the critical temperature T = Tc,
conformal invariance as an extension of scale invariance arises and makes it possible to
calculate the properties of systems having a vast variety of geometric constrains. For d-
dimensional systems this invariance is restricted to the group of Mo¨bius transformations,
which is sufficient to calculate at least the asymptotic behavior of two spherical objects,
a spherical object in front of a wall, and similar configurations in a critical medium
[25, 26], while for d = 2 this group is infinite-dimensional due to complex analysis. This
plethora makes it possible to calculate the Casimir force between two arbitrary shaped
objects [27] and to investigate three-body interaction [24]. To the best of our knowledge
there is almost no work connecting the predictions from conformal field theory with the
exact scaling functions at criticality for the two-dimensional Ising model except for a
work on the Mo¨bius strip and the Klein’s bottle [28], albeit the first are known since
long [29]. In this context it is worth mentioning that Ferdinand and Fisher already
calculated the according scaling functions at criticality on the torus in terms of elliptic
ϑ functions in 1969 [30, 31].
As mentioned above, we will focus on the two-dimensional Ising model on the torus
and on the cylinder. First we will recap the finite-size scaling regime and its connection
to the thermodynamic Casimir effect, especially the direction dependency of the scaling
variables. Then we will start our calculation with the matrix derived by Kasteleyn for a
system withM rows of spin in parallel direction and L columns of spins in perpendicular
direction [7] and calculate its Pfaffian by means of its determinant. Therefore we reduce
the original 4LM × 4LM matrix to a 2 × 2 transfer matrix, assuming translational
invariance and periodic boundary conditions in the parallel direction similar to the
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calculation in [28]. Afterwards we will derive first the partition function on the torus in
a form similar to the one by Kaufman [32] and second the according universal critical
Casimir potential and Casimir force scaling functions. The latter calculation is an
extension of the one already presented in [31] to illuminate the details and especially
the pitfalls of the necessary regularizations. Next we will go back to the transfer matrix
representation and focus on the partition function of the Ising model on the cylinder
with open boundary conditions. Eventually we will present the analogous calculation of
the scaling functions and show how our results coincide in the limit ρ→ 0 with the well-
known scaling function of the thin strip with open boundary conditions [33]. Finally
we compare the Casimir potential scaling function at criticality with the predictions of
conformal field theory.
2. The finite-size scaling regime
Whenever a system with long-ranged thermodynamic fluctuations is confined by some
geometrical constrains, its free energy F becomes explicitly dependent on this geometry,
characterized to leading order by the smallest length scale, e.g., there is a dependency
on the thickness L⊥ of a L⊥ × Ld−1 slab if L⊥ ≪ L . For such a system the reduced
free energy F (T ;L⊥, L ), defined in units of kBT with the Boltzmann constant kB, then
may be decomposed as
F (T ;L⊥, L ) = F∞(T ;L⊥, L ) + Fres(T ;L⊥, L ) (1)
into a part corresponding to the bulk and surface behavior of the infinite system
F∞(T ;L⊥, L ) = V fb(T ) + Afs(T ) with the surface area A = L
d−1 and the volume
V = L⊥A, where fb is the bulk free energy per unit volume and fs is the surface free
energy per unit area, both depending only on the temperature T , and into a residual
finite-size contribution Fres(T ;L⊥, L ), which vanishes in the thermodynamic limit for
T 6= Tc. The latter one is also called Casimir potential, especially in the context of
colloidal suspensions, and both terms will be used synonymously in this work. In the
vicinity of the critical temperature Tc the bulk correlation length diverges as ‡
ξ∞(t)
t>0≃ ξ+t−ν , (2)
where t = T/Tc− 1 is the reduced temperature and ξ+ the correlation length amplitude
above criticality, while ν is the according scaling exponent, with ν = 1 for the 2d Ising
model.
Near the critical point and for arbitrary ρ, Fres only depends on the length ratios
L⊥/ξ∞(t) and L /ξ∞(t). Following Fisher & de Gennes [10], the residual free energy
then fulfills a scaling ansatz according to
Fres(T ;L⊥, L ) ≃ ρ1−dΘ⊥(x⊥, ρ) (3)
‡ Throughout this work, the symbol ≃ means “asymptotically equal“ in the respective limit, L ,L⊥ →
∞, T → Tc, keeping the scaling variables x and ρ fixed, i. e., f(L) ≃ g(L)⇔ limL→∞ f(L)/g(L) = 1.
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with the Casimir potential scaling function Θ⊥, depending only on the temperature
scaling variable and the aspect ratio
x⊥ ≡ t
(
L⊥
ξ+
)1
ν t>0≃
(
L⊥
ξ∞(t)
) 1
ν
, ρ ≡ L⊥
L
. (4)
If, on the other hand, L . L⊥, the leading relevant quantity for finite-size effects is the
ratio L /ξ∞. Hence we define the scaling function Θ according to
Fres(T ;L⊥, L ) ≃ ρΘ (x , ρ), (5)
which depends on the corresponding scaling variable x ≡ t(L /ξ+)1/ν . For a comparison
with the results from conformal field theory we have to introduce a third quantity,
namely the volume scaling function
Fres(T ;L⊥, L ) ≃ Θ(x, ρ) (6)
with the generalized volume scaling variable
x ≡ t
(
V
ξd+
) 1
dν
. (7)
Consequently, the three scaling functions fulfill the relations [31]
Θ(x, ρ) = ρΘ (x , ρ) = ρ1−dΘ⊥(x⊥, ρ). (8)
Note that for the volume scaling function no direction is preferred, which intrinsically
translates to the principles of conformal invariance.
The reduced critical Casimir force per area in perpendicular direction is given by
the derivative
FC(T ;L⊥, L ) ≡ − 1
A
∂
∂L⊥
Fres(T ;L⊥, L ) (9)
and near criticality scales like
FC(T ;L⊥, L ) ≃ L−d⊥ ϑ⊥(x⊥, ρ) ≃ L−dϑ (x , ρ) ≃ V −1ϑ(x, ρ), (10)
defining the three Casimir force scaling functions ϑ⊥, ϑ and ϑ, suitable for the three
cases ρ . 1, ρ & 1 and ρ ≈ 1, respectively. The three Casimir force scaling functions
fulfill the relations
ϑ(x, ρ) = ρ ϑ (x , ρ) = ρ1−dϑ⊥(x⊥, ρ) (11)
analogous to (8) and are related to the Θs via the scaling relations [34, 31]
ϑ⊥(x⊥, ρ) = −
[
1− d+ x⊥
ν
∂
∂x⊥
+ ρ
∂
∂ρ
]
Θ⊥(x⊥, ρ), (12a)
ϑ (x , ρ) = −
[
1 + ρ
∂
∂ρ
]
Θ‖(x , ρ), (12b)
ϑ(x, ρ) = −
[
x
dν
∂
∂x
+ ρ
∂
∂ρ
]
Θ(x, ρ). (12c)
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3. From dimer to transfer matrix representation
From now on we will focus on the square lattice Ising model wrapped around a torus.
The partition function Z = e−F reads
Z = Tr exp
L∑
ℓ=1
M∑
m=1
(
K⊥ℓ,mσℓ,mσℓ+1,m +Kℓ,mσℓ,mσℓ,m+1
)
, (13)
where K⊥ℓ,m and Kℓ,m are the reduced couplings between nearest neighbor spins in
perpendicular and parallel direction, respectively. For convenience we will use L ≡ L⊥
and M ≡ L for the according lengths of the system, see figure 1, with σℓ,M+1 = σℓ,1
and σL+1,m = σ1,m due to the periodic boundary conditions.
Figure 1. The square lattice with toroidal geometry for M = 4 and L = 6.
Within the dimer representation of this model, each spin translates to a vertex,
which can be described by a 4× 4 matrix [8]. Then the partition function reads
Z =
1
2
(
2
1− z2
)LM
(±PfA++ + PfA+− + PfA−+ + PfA−−) , (14)
where the central quantity is the Pfaffian of the 4× 4 antisymmetric block matrix
Aab =


0 1+ U˜a −1 −1
−1− U˜Ta 0 1 −1
1 −1 0 1 + V˜b
1 1 −1− V˜Tb 0

 , (15)
with every entry being a LM×LM matrix, while a, b ∈ {+, 0,−} describe the boundary
conditions in the two directions. The matrices U˜a = U(Ha ⊗ 1) and V˜b = V(1⊗Hb)
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combine the lattice structure represented by
Ha =


0 1 0 · · · 0
0 0 1 0
...
. . .
...
0 0 0 1
a 0 0 · · · 0

 , (16)
and the couplings U = diag(u1,1, u1,2, . . . , uL,M) and V = diag(v1,1, v1,2, . . . , vL,M) in
parallel and perpendicular direction, respectively, which are related to the reduced
couplings in (13) according to uℓ,m = tanhKℓ,m and vℓ,m = tanhK
⊥
ℓ,m. The Pfaffian
of a matrix can be calculated using the relation
PfAab = ±
√
detAab, (17)
where the sign in the partition function can be determined by continuation from T = 0.
Assuming that the parallel direction is not only periodic but also translationally
invariant, i.e., both uℓ,m = uℓ and vℓ,m = vℓ depend only on the first index, we can
reduce the calculation of the determinant of the matrix Aab to the product
detAab =
M∏
m=1
detBb(ϕ
a
m), (18)
with the 4L× 4L block matrices
Bb(ϕ) =


0 S+(ϕ) −1 −1
−S−(ϕ) 0 1 −1
1 −1 0 Jb
1 1 −JTb 0

 , (19)
using the eigenvalues ϕam of Ha, with ϕ
+
m = 2mπ/M and ϕ
−
m = (2m − 1)π/M , running
over even and odd integers, respectively, to bring Aab into block diagonal form. Due to
the translational invariance the matrices U and V reduce to u = diag(u1, . . . , uL) and
v = diag(v1, . . . , vL), respectively. Here S±(ϕ) = 1+u e
±iϕ represents the structure and
couplings in parallel direction, while the matrix Jb = 1 + vHb is basically the reduced
version of the block matrix element 1+ V˜b in (15). In the following we will drop the ϕ
dependence to improve readability.
The block matrices (19) can be further simplified using a Schur reduction
det
[
a11 a12
a21 a22
]
= det a11 − det(a22 − a21a−111 a12), (20)
leading to
detBb = det
[
0 S+
−S− 0
]
det
[
−∆ Jb −Σ
Σ− JTb ∆
]
, (21)
with Σ ≡ S−1+ +S−1− and ∆ ≡ S−1+ −S−1− . As the matrices S+ and S− are diagonal, the
first determinant is simply
det
[
0 S+
−S− 0
]
=
L∏
ℓ=1
(
1 + uℓe
iϕ
) (
1 + uℓe
−iϕ
)
. (22)
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With a second Schur reduction, the second determinant simplifies to
det
[
−∆ Jb −Σ
Σ− JTb ∆
]
= det(−∆) detCb, (23)
with Schur complement
Cb =∆+
(
Σ− JTb
)
∆−1 (Jb −Σ) . (24)
Since ∆ is diagonal, its determinant is
det(−∆) =
L∏
ℓ=1
(
1
1 + uℓe−iϕ
− 1
1 + uℓeiϕ
)
, (25)
and we finally get
detBb = (2i sinϕ)
L detu detCb. (26)
The factor (2i sinϕ)L can be included in C˜b = 2i sinϕCb, leading to the symmetric,
cyclic, tridiagonal matrix
C˜b =


a1 b1 bL
b1 a2
. . .
. . .
. . . bL−1
bL bL−1 aL

 , (27)
which can be calculated using a 2× 2 transfer matrix T˜ℓ according to
det C˜b = 2(−1)L+1
L∏
ℓ=1
bℓ + Tr(T˜LT˜L−1 · · · T˜2T˜1). (28)
The matrix elements of C˜b are
aℓ = (qℓ−1vℓ−1)
2µ+ℓ−1(ϕ)− µ−ℓ (ϕ) (29a)
bℓ = −qℓvℓ(u−1ℓ − uℓ), (29b)
with the functions µ±ℓ (ϕ) = 2 cosϕ± (u−1ℓ +uℓ), while qL = b and qℓ 6=L = 1 distinguishes
between the boundary contributions and the rest of the system. The transfer matrix
then has the form
T˜ℓ =
(
aℓ −b2ℓ−1
1 0
)
, (30)
mixing up couplings of different directions and different rows. Nevertheless, it can be
decomposed into three parts, separating the three couplings uℓ, vℓ−1 and uℓ−1, as
T˜ℓ =
(
−µ−ℓ 1
1 0
)(
1 0
0 (qℓ−1vℓ−1)
2
)(
1 0
µ+ℓ−1 −(u−1ℓ−1 − uℓ−1)
)
. (31)
Now we rearrange the three matrices into two matrices representing only one single
coupling by combining the first and the third matrix for the same index ℓ to
Tℓ =
(
−µ−ℓ (ϕ) 1
4 sin2(ϕ) µ+ℓ (ϕ)
)
T⊥ℓ =
(
1 0
0 (qℓvℓ)
2
)
. (32)
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Thus we finally get
detBb(ϕ) = detu
[
Tr
(
T⊥LTL · · ·T⊥1 T1
)− 2b L∏
ℓ=1
vℓ(u
−1
ℓ − uℓ)
]
. (33)
For the homogeneous and anisotropic case, i.e., uℓ = u and vℓ = v for all ℓ, the
transfer matrix can be symmetrized according to
T¯ =
√
T⊥T
√
T⊥ = X
(
λ+ 0
0 λ−
)
X−1 (34)
with the unitary matrix
X =
(
λ+−v2µ+
4v sin2(ϕ)
λ−−v2µ+
4v sin2(ϕ)
1 1
)
, (35)
where λ± are the eigenvalues of T¯. If additionally the system is isotropic, i.e.,
uℓ = vℓ = z, those eigenvalues are given by
λ±(γ) = (1− z2)e±γ , (36)
where we have introduced γ, which already occurred in Onsager’s famous solution of
the Ising model on the torus [1], and is connected to the eigenvalues ϕ by the relation
cosh γ + cosϕ =
(1 + z2)2
2z(1− z2) . (37)
4. Scaling functions on the torus
For an Ising system with homogeneous and isotropic couplings z = tanhK on the torus
the determinant from the last chapter is given by
detAab = z
LM(1− z2)LM
M∏
m=1
2 [cosh(Lγam)− b] . (38)
Following the discussion by McCoy & Wu on the signs of the Pfaffians, the partition
function of this geometry is given by
Z =
1
2
(
2
1− z2
)LM
×
[
±
√
detA++ +
√
detA+− +
√
detA−+ +
√
detA−−
]
, (39)
where the +/− sign is used below/above the critical point. For convenience we introduce
the shorter form
Z±e/o =
∏
0≤m< 2M
m even/odd
(
e
L
2
γm ± e−L2 γm
)
, (40)
where we have used the symmetry γ0 = γ2m. Now the partition function Z can be
written as
Z =
1
2
(
4z
1− z2
)LM/2 (
Z+o + Z
−
o + Z
+
e ± Z−e
)
, (41)
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which is just the solution by Kaufman [32] and was the starting point for the calculation
in [31]. In the following the latter one will be illuminated in more detail.
We first note that in every Z±e/o there is either an even or an odd contribution
Qe/o(L,M) =
∏
0<m< 2M
m even/odd
e
L
2
γm (42)
that diverges exponentially fast with growing L. To find the relevant contribution to
the Casimir potential Fres we separate (42) from the remaining parts and get
Z±e = P
±
e (L,M)
(
e
L
2
γ0 ± e−L2 γ0
)
Qe(L,M), (43a)
Z±o = P
±
o (L,M)Qo(L,M), (43b)
where we follow the notation in [30] for
P±e/o(L,M) =
∏
0<m< 2M
m even/odd
(
1± e−Lγm) . (44)
Now we split off the term Qo(L,M), from (41) which is slightly larger than Qe(L,M),
and get
Z+o + Z
−
o + Z
+
e ± Z−e
= Qo
{
P+o + P
−
o +∆Q
[
(e
L
2
γ0 + e−
L
2
γ0)P+e ± (e
L
2
γ0 − e−L2 γ0)P−e
]}
, (45)
with the quotient of the even and odd terms ∆Q(L,M) = Qe(L,M)/Qo(L,M).
The leading terms of ∆Q(L,M) for L → ∞, M → ∞ were already calculated by
Ferdinand and Fisher [30] up to O(x2) as
ln∆Q(L,M) ≃ −ρ
[
π
4
+ x2
ln 2
2π
+O(x4)
]
, (46)
but for the scaling form we need an explicit form of the higher-order terms. This
contribution to the partition function is exponentially small, since Qo > Qe, as noted
before. As we have changed to the logarithm, the product transforms into a sum, where
the quotient translates into an alternating one, which can be recasted into
ln∆Q(L,M) =
L
2
(
2
M−1∑
m=1
γ2m −
2M−1∑
m=1
γm
)
. (47)
If we go to the scaling limit L→∞, M →∞ with L/M = ρ we get
lim
L,M→∞
L/M=ρ
Lγm = ρ
√
x2 + π2m2, (48)
with x ≡ (1− z/zc)M/ξz+, zc =
√
2− 1, and ξz+ = 12 [8]. To go to this limit we have to
use the symmetry of γ around m =M , so that the sums run over monotonic increasing
functions. Nevertheless, with (48) each of the two sums would be divergent and thus we
have to subtract the leading divergent terms in m as M →∞ and find the regularized
form to be
γm ∼ 1
M
(√
x2 + π2m2 − π|m| − x
2
2π|m|
)
. (49)
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In fact one can easily see that this regularization leaves only the terms O(x4), so we use
it together with (46) to calculate the scaling form
ln∆Q(x , ρ) ≡ −ρ
[
π
4
+ x2
ln 2
2π
−
∞∑
m=1
(
2
√
x2 + 4π2m2 −
√
x2 + π2m2 − 3π|m|
)]
. (50)
The application of the Poisson sum formula for the sum introduces the modified Bessel
function of first kind Kν(x),
∞∑
m=1
(
2
√
x2 + 4π2m2 −
√
x2 + π2m2 − 3π|m|
)
(51a)
=
∞∑
k=1
[
3
2πk2
+
|x |
πk
K1 (2k|x |)− 2|x |
πk
K1 (k|x |)
]
+ x2
ln 2
2π
− |x |
2
(51b)
=
1
π
∞∑
k=1
|x |
k
[K1(2k|x |)− 2K1(k|x |)] + π
4
+ x2
ln 2
2π
− |x |
2
. (51c)
Now we use the integral representation of K1(αk|x |) [35, eq. (3.389-4)],
|x |
k
K1(αk|x |) = 1
k
∞∫
0
dt e−αk
√
t2+x2 , (52)
and exchange the sum and the integral for the summation over k, which gives
∞∑
k=1
1
k
∞∫
0
dt e−αk
√
t2+x2 = −
∞∫
0
dt ln
(
1− e−α
√
t2+x2
)
. (53)
At this point it is convenient to introduce the integrals
I±(x ) ≡ 1
2
∞∫
−∞
dω ln
(
1± e−
√
x2+π2ω2
)
(54)
with which we conclude with
ln∆Q(x , ρ) = −ρ
[ |x |
2
+ I+(x )− I−(x )
]
. (55)
for the scaling limit of ln∆Q(L,M).
Now we will turn to the calculation of the finite-size contribution of lnQo to the
Casimir potential Fres and its scaling form. Therefore we again utilize the symmetry
of γm and recast the sum established by the logarithm to be of a monotonic increasing
function in m. For the scaling limit we need to expand the sum to infinity, which is
easier to do in an integral representation. Thus we first rewrite the sum over the odd
integers into the difference of a sum and its alternating counterpart
lnQo(L,M) =
L
2
[
M−1∑
m=1
γm −
M−1∑
m=1
(−1)mγm
]
, (56)
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R{ω}
I{ω}
C′+
C′
−
C′
C+
C
−
+∞
−∞
+∞0
C
(M − 1)(M − 3)531
Figure 2. Contours used for the integrals in the finite case (57) and in the scaling
regime (58). The inner contour (green) C′ can be decomposed into C′+ and C′− in the
upper and lower half-plane, respectively. For the calculation of the scaling limit the
contour is deformed in such a way that ℑ{ω} → ±∞ and ℜ{ω} → +∞. This outer
(red) contour C can be analogously decomposed into C+ and C−.
which each can be written as a contour integral: For the ordinary sum we have to
integrate over π cot(πm)γm and for the alternating one over π csc(πm)γm, together
leading to
lnQo(L,M) = − L
2πi
∮
C′
dω
π
2
tan
(πω
2
)
γω (57)
with C′ being the counterclockwise contour around the integers in the interval [1,M−1].
As we already used the symmetry of γ, we can go to the scaling limit by deforming the
contour C′ to C as depicted in figure 2. Thus we find
lim
L,M→∞
L/M=ρ
lnQo(L,M) = − ρ
4i
∮
C
dω tan
(πω
2
)√
x2 + π2ω2. (58)
Along the upper and lower part of the contour we find tan(πω/2)
ω→±i∞≃ ±i and so
the integral diverges, but this part just coincides with the integral representation of the
thermodynamic limit, and so we use it as regularization to obtain the finite-size part
ln δQo. Subsequently we notice that the integral along the upper contour C+ and along
the lower contour C− are the complex conjugate of each other, while the integral along
the line at ℜ{ω} → ∞ and, due to the regularization, along the line at ℑ{ω} → ±∞
all vanish. Then the scaling form of δQo, i.e., the regularized form of (58), is only twice
the real part of integral along the positiv imaginary axis
ln δQo(x ) = ℜ

− ρ2i
i∞∫
0
dω
[
tan
(πω
2
)
− i
]√
x2 + π2ω2

 , (59)
which, after some algebra, has the simple form
ln δQo(x ) = ρI+(x ). (60)
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Figure 3. Left: Casimir potential scaling function Θ
(p)
µ (xµ, ρ). Note that due to the
periodic boundary conditions there is a symmetry Θ
(p)
(x ) = Θ
(p)
(x⊥, 1/ρ). Right:
Casimir force scaling function ϑ
(p)
µ (xµ, ρ). We show ϑ (x ) for ρ > 1 and ϑ⊥(x ) for
ρ < 1.
For the scaling form of P±δ we follow the steps in [30] and use the series expansion
of the logarithm to find
lnP±e/o(L,M) = −
∞∑
n=1
(∓1)n
n
∑
0<m< 2M
m even/odd
e−Lnγm . (61)
For the scaling limit we have to use the symmetry of γ again, which, assuming M is
even, gives an exponentially small and thus vanishing error in lnP±e , and we get
lim
L,M→∞
L/M=ρ
lnP±e/o(L,M) = −2
∞∑
n=1
(∓1)n
n
∑
0<m<∞
m even/odd
e−nρ
√
x2+π2m2 (62a)
= 2
∑
0<m<∞
m even/odd
ln
(
1± e−ρ
√
x2+π2m2
)
. (62b)
Combining the term for the even indices in (43a) with (62b) and changing from the
square to a symmetric product from −∞ to ∞ finally gives the scaling form of P±e/o as
P±e/o(x , ρ) ≡
∞∏
m=−∞
m even/odd
(
1± e−ρ
√
x2+π2m2
)
(63)
With (60), (55) and (63) we conclude with the scaling function of the free energy
as a function of the scaling variable x in parallel direction
Θ
(p)
(x , ρ) = −1
ρ
ln
[
P+o (x , ρ) + P
−
o (x , ρ)
2e−ρI+(x )
+
P+e (x , ρ)− x|x |P−e (x , ρ)
2e−ρI−(x )
]
, (64)
which can be transformed into the results from [31] using (8).
Critical Casimir force scaling functions of the two-dimensional Ising model 13
The limit ρ → ∞ is solely covered by δQo, i.e., the original factor Qo consists of
the thermodynamic limit of the bulk contribution and a finite-size part corresponding
to the slab geometry oriented in perpendicular direction. Because of the symmetry
Θ
(p)
(x , ρ) = Θ
(p)
⊥ (x , 1/ρ) the according scaling functions simply read
Θ
(p)
(x , ρ→∞) = −I+(x ) Θ(p)⊥ (x⊥, ρ→ 0) = −I+(x⊥). (65)
As a consequence, both limits ρ → 0 and ρ → ∞ are invariant under the duality
transformation x 7→ −x . All contributions in (64) are quadratic in x except for the
sign prefactor of P−e , where P
−
e (x , ρ → 0) → 0 in the case of thin films. Thus the
topological necessity for the introduction of the four Pfaffians from the dimer approach
in (14) breaks the duality symmetry for finite aspect ratios ρ.
5. Scaling functions on the cylinder with open boundary conditions
If we make a cut along a line on the torus it forms a cylinder, while the boundary
conditions are dictated by the two rows of spins along these cut. The most simple way
to do so is to set all the couplings K⊥L = 0, which results in open boundary conditions.
Our starting point for the according calculation is (27), where we set b = 0. This is
equivalent to making the cut along a line in the parallel direction, and the matrix C˜0
then is no longer cyclic but only a simple symmetric tridiagonal one, simplifying (28) to
detB0 = detu 〈1, 0| T˜LT˜L−1 · · · T˜2T˜1 |1, 0〉 , (66)
as bL vanishes. As explained in [8] this procedure also reduces the necessity from
calculating four determinants to the calculation of merely one, namely detA−0. Thus the
partition function of the cylinder with homogeneous and isotropic couplings z = tanhK
is given by
Z =
(
2
1− z2
)LM
(1− z2)M/2
√
detA−0, (67)
where the change in the prefactor compared to (41) is due to the missing line of couplings
K⊥L . Now we diagonalize T˜ℓ for all ℓ 6= 1, while T˜1 is absorbed into the boundary vector
according to T˜1 |1, 0〉 = |µ−, 1〉, and find
detB0 =
[
z(1− z2)]L α−(ϕ)eLγ − α+(ϕ)e−Lγ
2(1− z2) sinh γ , (68)
with α±(ϕ) = (1−z2)e±γ−z2µ−(ϕ). Again, we can factorize [z(1−z2)]LM in (67), which
will give non-singular contributions to the bulk and surface terms. Next we separate
(68) into the three parts Qo, So, and Ro, where, in the thermodynamic limit, the first
two give the bulk and surface contributions, to obtain
Z =
(
4z
1− z2
)LM/2 (
1− z2)M/2QoSoRo, (69)
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Figure 4. Casimir scaling functions of the cylinder with open boundary conditions
for 1 . ρ ≤ ∞. Left: Casimir potential scaling function Θ(oo)(x , ρ). Right: Casimir
force scaling function ϑ
(oo)
(x , ρ).
with
So =
∏
0<m<2M
m odd
√
−(1− z
2)e−γm + µ−(ϕm)
2(1− z2) sinh γm , (70a)
Ro =
∏
0<m<2M
m odd
√
1− (1− z
2)eγm + µ−(ϕm)
(1− z2)e−γm + µ−(ϕm)e
−2Lγm . (70b)
Note that Qo is the same quantity as in the calculation for the torus, so its residual part
δQo is given by (60) and again is solely responsible for the limit ρ→∞.
Nevertheless we are interested in the scaling limit and thus we use the regularization
technique from the last chapter to obtain the residual part of So as well. Thus we get
an integral along the positive imaginary axis with a singularity at ω = x , which can be
simplified further as
δS(x ) ≡ ℜ

 12i
i∞∫
0
dω
[
tan
(πω
2
)
− i
]
ln
[
1
2
(
1 +
x√
x2 + π2ω2
)]
 (71a)
=
1
2
ln
[
1
2
(
1 + e−|x |
)]− x
∞∫
−∞
dω
ln
[
1
2
(
1 + e−
√
x2+4π2ω2
)]
x2 + 4π2ω2
. (71b)
Analogous to the calculation for P±δ we can formulate Ro as infinite product and find
for the scaling limit
R(oo)o (x , ρ) ≡ lim
L,M→∞
L/M=ρ
Ro(L,M) (72a)
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Figure 5. Casimir scaling functions of the cylinder with open boundary conditions
for 0 ≤ ρ ≤ 1. Left: Casimir potential scaling function Θ(oo)
⊥
(x⊥, ρ). Right: Casimir
force scaling function ϑ
(oo)
⊥
(x⊥, ρ).
=
∞∏
m=−∞
m odd
(
1 +
√
x2 + π2m2 − x√
x2 + π2m2 + x
e−2ρ
√
x2+π2m2
)
. (72b)
Finally we find the finite-size scaling function for the Ising model on the cylinder with
open boundary conditions to be
Θ
(oo)
(x , ρ) = − 1
2ρ
ln
[
R
(oo)
o (x , ρ)
e−2[ρI+(x )−δS(x )]
]
. (73)
The critical Casimir force scaling function, calclated with (12b), then reads
ϑ
(oo)
(x , ρ) = I+(x )−
∞∑
m=−∞
m odd
√
x2 + π2m2
1 +
√
x2+π2m2+x√
x2+π2m2−x
e2ρ
√
x2+π2m2
. (74)
It is worth mentioning, that for the torus as well as for the cylinder with open
boundary conditions for x⊥ → −∞ the scaling functions (64) and (73) both simplify to
Θ
(p)/(oo)
(x⊥ → −∞, ρ) = − ln 2
ρ
, (75)
which is a direct consequence of the broken symmetry in the ordered phase [31].
For ρ → 0 this scaling function is identical to the well-known solution for the
thin film geometry [33]; to see this, we change to the scaling variable in perpendicular
direction x⊥ and use the Euler-Maclaurin formula to reformulate lnR
(oo)
o (x⊥, ρ) as
integral. With the substitution ω = (2m − 1)πρ it becomes independent of ρ, while
the first correction is already linear in the aspect ratio, thus vanishing in the aspired
limit. It is easy to see that the other two terms in x⊥ also do vanish for ρ→ 0, leading
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to
Θ
(oo)
⊥ (x⊥, ρ→ 0) = −
1
2π
∞∫
0
dω ln
[
1 +
√
x2⊥ + ω
2 − x⊥√
x2⊥ + ω
2 + x⊥
e−2
√
x2
⊥
+ω2
]
(76)
and the according Casimir force scaling function
ϑ
(oo)
⊥ (x⊥, ρ→ 0) = −
1
π
∞∫
0
dω
√
x2⊥ + ω
2
1 +
√
x2
⊥
+ω2−x⊥√
x2
⊥
+ω2+x⊥
e2
√
x2
⊥
+ω2
, (77)
which gives indeed the correct limit [33], as shown in figure 5 as dotted line. Note that
the sum in (74) is the generalization of the integral in (77) for arbitrary aspect ratio ρ.
If we set x = 0 we come to the regime of conformal field theory. First we notice
that I+(0) = − π12 and that δS(0) = 0. The product R(oo)o (0, ρ) simplifies to
R(oo)o (x = 0, ρ) =
∞∏
m=−∞
m odd
(
1 + e2πρ|m|
)
= 2
(−1, e−2πρ)∞
(−1, e−4πρ)∞
, (78)
where (a, q)∞ is the q-Pochhammer symbol, and we get the scaling function
Θ
(oo)
(x = 0, ρ) = − π
12
− 1
ρ
ln
(−1, e−2πρ)∞
(−1, e−4πρ)∞
. (79)
As there is no explicitly preferred direction in the conformal field theory, its scaling
functions are those of the volume, see (6), and thus we have to change to
Θ(x = 0, ρ) = − π
12
ρ− ln (−1, e
−2πρ)∞
(−1, e−4πρ)∞
. (80)
This can be recasted to the conformal field theory result
Θ(x = 0, ρ) = −1
2
ln
θ3(e
−2πρ)
η(2iρ)
, (81)
where θ3(q) = θ3(z = 0|eiπτ) is a Jacobi theta function and η(τ) is the Dedekind eta
function [29], as both can be expressed in terms of q-Pochhammer symbols after some
algebra. Note that the conformal field theory result is usually given for the annulus, but
the free energy of the cylinder Fcyl and the free energy of the annulus Fann at criticality
are connected via the relation Fann = Fcyl +
π
12
ρ, see [27].
6. Conclusion
We presented a systematic calculation of Casimir force scaling functions and the Casimir
potential scaling functions for the homogeneous and isotropic Ising model on the torus
and on the cylinder with open boundary conditions. Therefore we started with the dimer
representation of the according partition function and reduced the necessary calculations
of Pfaffians of 4LM × 4LM matrices to a 2 × 2 transfer matrix representation. We
introduced a way to regularize the occurring integrals representing the bulk and the
surface parts to get the finite-size contributions to the free energy in the scaling limit.
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Interestingly, for both Casimir potential scaling functions the cases ρ→∞ are covered
by the regularized bulk contributions, while for the cylinder with finite aspect ratio ρ
an additional surface contribution arises. For the other geometrical limiting case ρ→ 0,
our results lead to the correct limits of thin films for both cases and agree with the
predictions of conformal field theory at criticality x = 0.
As done in [33] for the infinite strip, it should be possible to expand this calculation
to other boundary conditions, too, like (++) or (+−) boundaries instead of open
boundaries to obtain aspect ratio depending scaling functions. Those should coincide,
at x = 0, with the according results from conformal field theory [27]. Finally we mention
that the case of open boundary conditions in both directions has recently been studied
in [36, 37].
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